Translations of

MATHEMATICAL
MONOGRAPHS

Volume 21

Constructive Real Numbers
and Constructive Function
Spaces

N. A. Yanin

N \& American Mathematical Society
) 5’ Providence, Rhode Island




KOHCTPYKTUBHHE BEWMECTBEHHBHE YUCJIA U
KOHCTPYKTUBHHE ®YHKUMOHAJIBHHE [TPOCTPAHCTBA

H. A. lIAHVH

TPYAN MATEMATUYECKOI'O MHCTUTYTA
nmenn B. A. CTEKJIOBA
LXVII, 15-294

NzparensctBo Akamemun Hayk CCCP
Mockea 1962 Jlenusrpap

Translated from the Russian by
E. Mendelson

Library of Congress Card Number 68— 19437

Copyright @ 1968 by the American Mathematical Society

Printed in the United States of America

All Rights Reserved
No portion of this book may be reproduced
without the written permission of the publisher



Introduction

TABLE OF CONTENTS

Chapter I. Constructive real numbers ..........cococviiiiiiriiiniiiiiiicie e

S1.
$2.
$3.
S4.
$s.
$6.
$7.
$8.

Description of the notation used and some definitions ..........ccccceene

Some facts from the theory of algorithms and constructive logic ......

Constructive real numbers ............cccccoiiiiiiiiiiiiii e,

Order relations between constructive real numbers ...........cccoccoeneee...

Some special mappings of duplexes .......c.ccoviivniiniiniiiiinii e,
Basic operations on constructive real numbers ...,
On some subsets of the constructive continuum .........ccccceerevveerveeneanns

Sequences of constructive real numbers .........c.ccocviiiiiiiiiininiiiine.

Chapter II. Constructive metric and normed spaces (axiomatic presentation) ..

$9.

$10.
S11.
$12.

The concept of constructive Metric SPACE .....cccovevriiiiiieiiiiecniireneeenans
Completion of constructive mMELriC SPACES ..o.ccoeveirrerreerirreericearierieenees
Totally bounded and compact constructive metric spaces ................

Constructive normed and constructive Hilbert spaces ...

Chapter III. Some concrete cONStrUCtive SPACES ......ccocoiiiiiiiiiiiiiiiniicenie e

§13.
$14.
$15.
$16.

Constructive analogues of euclidean space of a given dimension

and the space of real sequences summable to a given power ............

Constructive analogue of the concept of Lebesgue measurable

Constructive analogue of the concept of a function summable to

a given power. Constructive Lebesgue integral ...l

Constructive analogues of the concept of absolutely continuous

function and of some other concepts of classical mathematics ........

1ii



iv

TABLE OF CONTENTS

Appendix. On criticism of classical mathematics ..o,

Bibliography



INTRODUCTION

0.1. This book is devoted to certain problems of constructive mathematical
analysis. D' The basic sections are Chapters II and III, which are devoted to the
foundations of the theory of constructive function spaces. Information from the
theory of constructive real numbers needed in these chapters is presented in the
first chapter. The first chapter also contains other material: in it the logico-
mathematical symbolism which we shall use is described and some problems of

constructive mathematical logic are considered.

In the mathematical literature the adjective ‘‘constructive’’ is used in various
senses. In the present work the adjective ‘‘constructive’’ will be used only in
the following sense: the presence of this adjective in the term for a concept, the
name of a method, the name of a branch of mathematics, etc. will signify that the
indicated concept, method, branch of mathematics, etc. belongs to the constructive

approach to mathematics.

The constructive approach to mathematics is characterized by the following
features: 2 1) in mathematical theories belonging to this approach, only con-

structive objects 3) figure as objects of study; 2) in the study of constructive

1) In this book the term ‘*mathematical analysis’’ is used in the broad sense, covering
the theory of functions of real variables, the theory of functions of complex variables, the
theory of generalized functions, and functional analysis. The term ‘‘functional analysis’’
is also used in the broad sense covering the theory of metric, multimetric, normed, and
multinormed spaces, the theory of functionals, operators, and equations in such spaces.

2) The author bases himself on the characterization of the constructive approach to
mathematics given by A. A. Markov in lectures on the foundations of mathematics deliv-
ered at Leningrad University during the 1948—49 academic year. (Cf. also his paper *On
constructive mathematics’’, published in this issue of Trudy Mat. Inst. Steklov.)

3) By constructive objects are meant objects which are the results of processes of
construction realizable on the following basis: one assumes that the objects which figure
in the given study as indecomposable initial objects are clearly described; one assumes
given a list of rules of formation of new objects from previously constructed ones, which
in the given study plays the role of a description of the admissable steps of constructive
processes; one assumes that the processes of construction are carried out in discrete
steps, where the choice of each succeeding step is arbitrary, within the limits determined
by the list of already constructed objects and the set of those rules of formation of new
objects which can actually be applied to already constructed objects. The constructive
objects most used in mathematics are words in certain alphabets and lists of words in
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objects one is permitted a certain idealization, the so-called abstraction of po-
tential realizability (see [1]), but the use of the abstraction of actual infinity is
completely forbidden; 3) in accordance with the type of objects of study and the
abstraction of potential realizability as a meaningful basis for the construction of
mathematical theories one takes the constructive interpretation of mathematical
judgments (see [3]; a brief description of the fundamental principles of the con-
structive interpretation of judgments can be found in [4]).

In theories belonging to the constructive approach to mathematics the appara-
tus of logical deduction is the apparatus of constructive logic. This apparatus is
developed in conformity with the constructive interpretation of mathematical judg-
ments. The apparatus of logical deduction of constructive logic has essential

differences from the apparatus of logical deduction of classical logic.

The term ‘‘constructive mathematics’’ will be understood in the following pre-

sentation as a synonym of the term ‘‘constructive approach to mathematics’’.

In accordance with the meaning taken above of the adjective ‘‘constructive’’,
the term *‘constructive mathematical analysis’’ will be used here as a name for
the approach to mathematical analysis which possesses the features mentioned
above of the constructive approach to mathematics. In analogous senses we use
the terms ‘‘constructive functional analysis’’, ‘‘constructive theory of sets’’, and
other terms obtained by adding the adjective *‘constructive’’ or corresponding vari-

ations of this adjective to the names of various divisions of mathematics.

The constructive approach to mathematics arose only in the twentieth century.

It differs essentially from the classical approach to mathematics.

To the classical approach to mathematics belong those mathematical theories
in which the abstraction of actual infinity is used and in which the apparatus of
classical logic 1) is employed as the apparatus of logical deduction. The term

“*classical mathematics’’ will be used in the following presentation as a synonym

_ certain alphabets (see [1]). We have not mentioned here algorithms and calculi, since
algorithms and calculi of the customary types are given by means of lists of words. The
consideration of lists of words in a given alphabet can be reduced, by a simple construc-
tive method, to the consideration of words of a definite type in a suitably constructed
alphabet. The same can be said about the study of constructive objects of other types
occuring in mathematics (cf. [1] and [2]).

1) To classical logic belong those logical theories which follow in their main features
a definite tradition stemming from Aristotle. The most important feature of these logical
theories is that they have as one of their initial assumptions or as a consequence of their
initial assumptions the law of excluded middle, formulated so as to be applicable to any
proposition falling within the domain of the given logical theory.
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of the term *‘classical approach to mathematics’’.
P

In this book the adjective *‘classical’’ will be used in the following sense:
the presence of this adjective in the term for a concept, name of a method, name
of a division of mathematics, etc. will signify that the corresponding concept,

method, division of mathematics, etc. belongs to the classical approach to mathematics.

In accordance with this meaning of the adjective “‘classical”’, the term ‘““classical
mathematical analysis’’ will be used here as a name of the approach to mathematical
analysis which has the features mentioned above of the classical approach to
mathematics. In analogous senses we shall apply the terms ‘‘classical functional
analysis’’, *‘classical theory of sets’’, and other terms obtained by adding the ad-
jective *‘classical’’ or corresponding variations of this adjective to names of

various divisions of mathematics.

It is necessary to emphasize that in works belonging to the classical approach
to mathematics the adjective ‘‘constructive’’ is very often used in significantly
wider senses than that characterized above. For example, the term “‘constructive
theory of functions’’ used in classical mathematics is a name of a certain division

of classical mathematics which, in the form in which it exists at the present time,
cannot be placed within the scope of the constructive approach to mathematics.

To avoid ambiguity we agree to call the above-mentioned *‘constructive theory of
functions’’ the classical theory of approximate representation of functions. Assum-
ing this convention, we are able to distinguish between the constructive theory of
approximate representation of functions and the classical theory of the approximate

representation of functions.

In works belonging to the classical approach to mathematics there often occur
concepts, definitions, propositions, and proofs which are called by the authors of
these papers constructive concepts, definitions, propositions, and proofs, while
at the same time they do not satisfy some of the conditions necessary for includ-
ing them in the constructive approach to mathematics. In all such cases the mean-

e

ing of the term ‘‘constructive’’ differs from the meaning accepted in the present

work.

0.2. The process of formulating the fundamental concepts of classical mathe-
matical analysis began on a very unclear logical basis. In the works of Cauchy,
Weierstrass, Dedekind, Cantor and other authors, the logical basis of mathematical
analysis underwent a series of successive rigorizations and transformations. Of

particular importance to the fate of this logical basis was the publication in the
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